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This paper concerns with scaling group analysis on MHD free convective heat and mass transfer 
over stretching surface considering effects of thermal-diffusion and diffusion-thermo with 
suction /injection, heat source/sink and chemical reaction by taking into account viscous 
dissipation. Scaling group transformations are used to convert the partial differential equations of 
governing equations into ordinary differential equation and are solved numerically by Keller Box 
Method. Numerical results obtained for different parameters are drawn graphically and their 
effects on velocity, temperature and concentration profiles are discussed and shown graphically. 
Skin-friction coefficient, Nusselt number and Sherwood number are presented in table. It is 
noted that the skin-friction coefficient and mass transfer gradient decrease with the increase of 
Prandtl number but the temperature gradient increases. The effect of Eckert number and heat 
source parameter increases the skin-friction coefficient and the mass transfer gradient but 
decreases the temperature gradient.  
Keywords: MHD, Lie group transformations; Heat and Mass transfer; Dufour and Soret 
effects; Keller Box method   
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Flow  of  an  incompressible  viscous  fluid  over  a  stretching  surface  is  a  classical  problem  
in  fluid dynamics and  important in various process. It is used to create polymers of fixed cross-
sectional profiles, cooling of metallic and glass plates. Aerodynamics  shaping  of plastic  sheet  
by  forcing through die and boundary  layer along a  liquid  film  in  condensation  processes  are  
among  the  other  areas  of  applications. The production of sheeting material, which includes 
both metal and polymer sheets arises in a number of industrial manufacturing processes. First of 
all, Sakiadis (1961) investigated the boundary layer behavior on stretching surfaces and 
presented numerical solution for the sheet having constant speed. Extension to this problem 
where velocity is proportional to the distance from the slit was given by Crane (1970). Flow and 
heat transfer in the boundary layer on stretching surface was studied by Tsou et al. (1967). Fox et 
al. (1969) presented different methods analytical or numerical for solving problems of stretching 
sheet with suction and injection. The three dimensional flow past a stretching sheet by extended 
optimal homotopy asymptotic method is studied by Ullah et al. (2014). Heat and mass transfer 
on stretched surface with suction and injection was introduced by Erickson et al. (1966). Gupta 
and Gupta (1966) studied the same problem for linearly stretching sheet. Manjulatha et al. (2014) 
investigated effects of radiation absorption and mass transfer on the free convective flow passed 
a vertical flat plate through a porous medium in an aligned magnetic field. Heat transfer past a 
moving continuous plate with variable temperature was studied by Soundalgekar and Murty 
(1980), and Grubka and Bobba (1985).  
 
Ali (1966) presented similarity solutions for stretched surface with suction and injection. 
Radiation effects on MHD stagnation point flow of nanofluid towards a stretching surface with 
convective boundary condition are investigated by NoreenSher et al. (2013). Gupta (1966) 
studied laminar free convection flow of an electrically conducting fluid from a vertical plate with 
uniform surface heat flux and variable wall temperature in the presence of a magnetic field. 
Effects of chemical reaction and radiation absorption on MHD flow of dusty viscoelastic fluid 
are studied by Prakash et al. (2014). Gorela and Abboud (1998) studied the MHD effect on a 
vertical stretching surface with suction and blowing. Chiam (1995) has discussed the 
hydrodynamic flow over a surface stretching with a power law velocity. Makinde et al. (2013) 
studied buoyancy effects on MHD stagnation point flow and heat transfer of a nanofluid past a 
convectively heated stretching/ shrinking sheet.  
 
An energy flux can be generated not only due to the temperature gradients but also by 
composition gradients.  The  energy  flux  produced  by  a composition  gradient  is  referred  to  
as  the  diffusion thermo (Dufour) effect, whereas  mass flux caused by  temperature  gradients  
is  known  as  the  thermal diffusion (Soret)  effect.  In  general,  the  diffusion thermo  effect  
and  thermal-diffusion  effect  are  of  a  smaller order of magnitude than the effects described  
by Fourier's or Fick's law. This  is  why most  of  the  studies  of  heat  and  mass transfer  
processes,  however,  considered  constant plate  temperature  and  concentration  and  have  
neglected the diffusion-thermo and thermal-diffusion terms  from  the  energy  and concentration  
equations respectively.  But  in  some  exceptional  cases, for instance,  in  mixture  between  
gases  with  very  light  molecular weight ( H2, He) and of medium molecular  weight (N2, air) 
the diffusion-thermo (Dufour) effect and  in  isotope  separation, the  thermal-diffusion  (Soret)  
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effect  was  found  to  be  of  a  considerable  magnitude such that these effects cannot be 
ignored.  In view of the importance of this diffusion – thermo effect, similarity equations of the 
momentum energy and concentration equations are derived by introducing a time dependent 
length scale. In the view of the importance of the above mentioned effects, Dursunkay and 
Worek (1992) studied diffusion-thermo and thermal-diffusion effects  in transient and steady 
natural convection from a vertical surface, whereas  Kafoussias and Williams (1995) studied the 
same effects on mixed free-forced convective and mass transfer boundary layer flow with 
temperature dependent viscosity. Anghel et al. (2000) investigated the Dufour and Soret effects 
on free convection boundary layer over a vertical surface embedded in a porous medium. 
Poselnico (2004) studied numerically the influence of a magnetic field on heat and mass transfer 
by natural convection from vertical surfaces in porous media considering Soret and Dufour 
effects. Alam et al. (2005) studied the effects of Dufour and Soret numbers on unsteady free 
convection and mass transfer flow past an impulsively started infinite vertical porous flat plate of 
a viscous incompressible and electrically conducting fluid in the presence of a uniform 
transverse magnetic field. Alam et al. (2006) studied the effects of Dufour and Soret numbers on 
steady free-forced convective and mass transfer flow past a semi-infinite vertical flat plate in the 
presence of a uniform transverse magnetic field. Seddeek (2006) studied the thermal-diffusion 
and diffusion thermo effects on mixed free forced convective flow and mass transfer over 
accelerating surface with a heat source in the presence of suction and blowing in the case of 
variable viscosity.  
 
Viscous dissipation changes the temperature distributions by playing a role like energy source 
which leads to affect heat transfer rates. The merit of the effect of viscous dissipation depends on 
whether the sheet is being cooled or heated. Gebhart (1962) has shown the importance  of  
viscous  dissipative  heat  in free  convection  flow  in  the  case  of  isothermal  and  constant  
heat  flux at the plate. Analytical solution for two-phase flow between two rotating cylinders 
filled with power-law liquid and a micro layer of gas is studied by Mohammed et al. (2014).  
Gebhartet and Mollendorf (1969) considered the effects of viscous dissipation for external 
natural convection flow over a surface. Hajmohammed and Nourazar (2014) investigated on the 
insertion of a thin gas layer in micro cylindrical Couette flows filled with power-law liquids.  
Soundalgekar  and Gakar analyzed viscous dissipative  heat  on the two-dimensional  unsteady  
free convective flow past an infinite vertical  porous plate when the temperature oscillates in  
time and there is constant suction at the plate. Israel Cookey et al. (2003) investigated the 
influence of viscous dissipation and radiation on unsteady MHD free convection flow past an 
infinite heated vertical plate in a porous medium with time dependent suction. 
 
 Combined heat and mass transfer flow in the presence of chemically reactive species 
concentration has bearing on many transport processes present in nature and also in science and 
engineering applications. In processes such as drying, evaporation, energy transfer in a cooling 
tower and the flow in a desert cooler, heat and mass transfer occur simultaneously. Free 
convection processes of involving the combined mechanism are also encountered in many 
natural processes and industrial applications such as in the curing of plastics, the cleaning and 
chemical processing of materials, the manufacturing of pulp and insulated cables. Chamkha 
(2003) studied MHD flow over a uniformly stretched vertical permeable surface subject to a 
chemical reaction. Afify (2004) analyzed the MHD free convective flow and mass transfer over a 
stretching sheet with a homogeneous chemical reaction of order 𝑛 where 𝑛 was taken to be 0, 1, 
3
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2, or 3. The influence of a chemical reaction on heat and mass transfer from vertical surfaces in 
porous media subject to Soret and Dufour effects was studied by Postelnicu (2007). Kandasamy 
and Palanimani (2007) studied the effects of a chemical reaction on heat and mass transfer on a 
magnetohydrodynamic boundary layer flow over a wedge with ohmic heating and viscous 
dissipation in a porous  medium. Pal and Mondal (2011) studied the effects of Soret, Dufour, 
chemical reaction and thermal radiation on MHD non-Darcy unsteady mixed convective heat and 
mass transfer. 
  
In this paper, by applying Lie’s scaling` group  transformations to the study of effects of thermal -
diffusion and diffusion- thermo on MHD free convective heat and mass transfer  over a stretching 
surface considering suction or injection by taking in to account viscous dissipation, heat source 
/sink and chemical reaction is analyzed. The system remains invariant due to some relations among 
the parameters of the transformations. With this transformation, a third order and a second order 
ordinary differential equations corresponding to momentum and energy equations are derived. 
These equations are solved with the help of power full, easy to use method called the Keller box 
method. This method has already been successfully applied to several non-linear problems 
corresponding to parabolic partial differential equations. As discussed in Keller (1971), the exact 
Discrete Calculus associated with the Keller box scheme is shown to be fundamentally different 
from all other mimic (physics capturing) numerical methods. The box-scheme of Keller (1971) is 
basically a mixed finite volume method, which consists in taking the average of a conservation law 
and of the associated constitutive law at the level of the same mesh cell. The  equations  (28)-(30) 
together with boundary conditions (31) can be also solved by semi-analytical means introduced in 
recent  years  such  as  homotopy, DTM  and ADM  which  is  explained  very  well  in the paper 
Khan et al. (2008) and Ullah et al. (2013 & 2014). The effects of the flow parameters on velocity, 
temperature and concentration profiles are investigated and analyzed with the help of graphical 
representation 
 
2. Governing equations 
 
Consider a laminar and stable, steady free convective heat and mass transfer flow of a viscous 
incompressible electrically conducting fluid past a stretching surface coinciding with plane   
 . The non-uniform transverse magnetic field  ( )  is imposed along y-axis and chemical 
reaction is taking place in the flow. The origin is kept fixed with equal and opposite forces 
applied along the x-axis which results in stretching of the sheet and hence the flow is generated. 
The temperature and the concentration of the ambient fluid are    and    , and those at the 
stretching surface are   ( ) and   ( ) , respectively. In order to get the effect of temperature 
difference between the surface and the ambient fluid, we consider heat source/sink in the flow 
region. The induced magnetic field is neglected as the magnetic Reynolds number of the flow is 
taken very small. It is also assumed that the all body forces except the transverse magnetic forces 
are negligible. It is also assumed that the pressure gradient and the electrical dissipation are 
neglected. The fluid properties are assumed to be constant except the density in the buoyancy 
terms of the linear momentum equation which is approximated according to the Boussinesq’s 
approximation. Under the above assumptions, the boundary layer form of equations can be 
written a (Dursunkaya and Worek (1992)) 
 
                 





   ,                                                                                                                (1)       
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 where       are the velocity components in the   and  -directions, respectively,   is the 
kinematic viscosity,   is the electrical conductivity,   is the density of the fluid,    is the 
coefficient of thermal expansion,    is the coefficient of thermal expansion with concentration, 
   is the mean fluid temperature,   and    are the temperature of the fluid inside the thermal 
boundary layer and the fluid temperature in the  free stream, respectively ,while   and    are the 
corresponding concentrations,    is the coefficient of mass diffusivity,    is dimensional heat 
generation/absorption coefficient,   is dynamic viscosity,    is specific heat capacity at constant 
pressure ,    is dimensional chemical reaction coefficient,  ( )     
  is the applied magnetic 
field,   is the thermal diffusivity,    is the thermal-diffusion ratio and     is the concentration 
susceptibility.  
 
2.1  Boundary conditions 
 
  The boundary conditions for equations (1)-(4) are expressed as   
 
              (   )   ( )     
 ,    ( )    ( )     
 ,      ( )        
   
                ( )        
 ,   (   )     (   )     ,    (   )                        (5) 
 
where         ,   ,     are the constants,  ( )  is the stretching speed of the plate,    ( )  is the   
transverse velocity at the surface.  
 
2.2   Method of solution  
 
  We now introduce the following relations for   ,    and   as follows 
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and the boundary conditions of equation (5) can be written as  
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2.3   Scaling group of transformations  
 
Firstly, we shall derive the similarity solutions using the Lie group method under which the non-
linear differential equations (7)-(9) and the boundary conditions (10) are invariant. The 
simplified form of the Lie-group transformation, namely the scaling groups of transformations 
given by Layek et al. (2006) are given by 
 
               ,           ,                
                              ,                                            (11)          
  
where   ,   ,   ,          ,    and    are transformation parameters.                          
 
Equation (11) may be considered as a point-transformation which transforms coordinates    
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The boundary conditions are 
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However, the system of equations (12)-(15) remains invariant under the group of transformation 
  , if the following relations hold: 
     
                                                              
                                                  ,                                           
         α1 + α2 − α3 − α6 = 2α2 − α6 = −α6=                 
         α1 + α2 − α3 – α7 = 2α2 – α7 = −α7=       , 
                    ,        𝑛  . 
This relation gives 
                
(   )
 
       
(   )
 
  ,         ,       
(   )
 
   ,      , 
                 ,    
   
 
    𝑛  
   
 
                                                                  (16) 
It can be seen from equation (16) that when the sheet is stretched with a speed  ( )     
    
there exists a similarity solution to this problem provided that:  
             ( )     
(   )
 ,    =   
(   )
 
   .                                                                                (17) 
Thus the set   reduces to a one parameter group transformation as  
                      ,             
(   )
 
  ,           
(   )
 
      
                                       
(   )
 
   ,         ,        .                             (18) 
Expanding by Taylor’s method in powers of   and keeping terms up to the order , we obtain 
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After differentials, we yield  
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  Solving the above equation, we obtain   
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The boundary conditions are transformed to 
 
                   ,      ,       ,                     at   η = 0,                                                      
                  ,         ,                                   as η → ∞.                                   (24) 
 
Introducing the following transformations for   ,     and   in equations (21)-(23) 
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we have   
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 The equations (21)-(23) are transformed in to  
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where    
   
 
   
  is the magnetic parameter,       
   (     )
  
      
 is the local modified Grashof 
number,     
   (     )
  
      
    is the local Grashof number,     
 
 
   is the Prandtl number, 
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  is the Soret number, 
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 ) 
 is the suction or injection parameter,    
 
  
 is the Schmidt number,     
  
  (     )
   is the 
Eckert number,   
   
    
 is heat source/sink parameter and   
   
 
 is chemical reaction 
parameter. 
 
Let        ,         and     . Then equations (25)-(27) finally become 
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The corresponding boundary conditions take the form 
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The quantities of physical interest in this problem are the local skin friction coefficient, the 
local Nusselt number and the local Sherwood numbers, which are defined by  
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3. Numerical method for solution 
 
The non-linear boundary value problem represented by equations (28)-(30) is solved numerically 
using the Keller box method. The method has the following four main steps: 
 
i.. Reduce the equation or system of equations to a first order system;  
 
ii. Write the difference equations using central differences; 
 
iii. Linearize the resulting algebraic equations (if they are non-linear) by Newton’s method 
write them in matrix-vector form; 
 
iv. Use the block-tridiagonal-elimination technique to solve the linear system. 
 
In solving the system of non-linear ordinary differential equations (28)-(30) together with the 
boundary condition (31) using the Keller box method, the choice of an initial guess is very 
important in this scheme. The success of this method depends greatly on how much good this 
guess is to give the most accurate solution. Thus we made an initial guess of 
 
               ( )        
  ,    ( )   
  ,      ( )   
   .                                                (32) 
 
This choice has been made on the convergence criteria together with the boundary conditions in 
consideration. As in Cebeci and Pradshaw (1988), the values of the wall shear stress, in our case 
   ( )  is commonly used as a convergence criteria. This is because in the boundary layer 
calculations the greatest error appears in the wall shear stress parameter. In the present study this 
convergence criteria is used. In this study a uniform, grid size         is chosen to satisfy the 
convergence criteria of     , which gives about a four decimal places accuracy for most of the 
prescribed quantities. 
 
4.  Results and Discussion 
 
 In order to analyze the results, the numerical computations have been carried out using the method 
described   in the previous section for various values of the flow parameters.  For illustration of the 
results, numerical values are plotted in figures 1-9. The physical explanations of the appropriate 
change of parameters are given below. The values of local-skin friction coefficient      ( ) , 
temperature gradient –   ( ) and mass transfer rate –  ( ) are tabulated in Table 1. From the 
Table, it is noticed the local the skin-friction coefficient    ( ) increases with the increase of the 
flow parameter     ,   ,   ,   ,         and decreases with the increase of     ,   , ,  ,    . 
From the same table, it is observed that Nusselt number coefficient –   ( )  increases with the 
increase of    , ,   ,   ,   , and suction parameter (  >0) whereas it decreases with the increase 
of    , ,  ,   ,    ,    and injection parameter(  <0). Lastly, it is also notice that the Sherwood 
number coefficient –  ( )  increases with the increase of    ,   ,   ,   ,   ,    ,   ,    and 
suction/injection  parameter    and it decreases with the increase of    ,  and   . 
10
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Table 1. The values of Skin-friction coefficient    ( ), Nessult number coefficient    ( ) and  
               Sherwood number coefficient –  ( ) for different values of the flow parameters. 
 
Figures 1a–1c show typical steady-state fluid tangential velocity, temperature and concentration for   
various values of the magnetic parameter  respectively. Application of a transverse magnetic field 
normal to the flow direction gives rise to a resistive drag-like force acting in a direction opposite to 
that of the flow. This has a tendency to reduce the fluid tangential velocity at the expense of 
increasing its temperature and the solute concentration. Also, the effects on the flow and thermal 
fields become more so as the strength of the magnetic field increases. Figures 2a-2c depicts the 
velocity, the temperature and the concentration profiles for different values of index parameter   
respectively. It is observed that the velocity, the temperature and the concentration boundary layer 
decrease by increasing of the index parameter.  
 
The effects of chemical reaction parameter    on the velocity, temperature as well as concentration 
distributions are displayed in Figures 3a-3c, respectively.  It should be noted that physically, positive 
values of    implies destructive reaction and negative values of    implies generative reaction. It is 
observed from these figures that an increase in the chemical reaction parameter     leads to the 
decrease of the velocity and concentration profiles but it leads to increase in the temperature profiles. 
This shows that diffusion rate can be tremendously altered by chemical reaction. The effect of 
increasing the value of the heat generation/absorption parameter   on the velocity is shown in Figure 
4a. It is evident from this that increasing the value of the absorption of the radiation parameter due to 
increase in the buoyancy force accelerates the flow rate. The effect of absorption of radiation 
parameter on the temperature profiles is shown on Figure 4b.   
 
It is seen from this figure that the effect of absorption of radiation is to increase temperature in the 
boundary layer as the radiated heat is absorbed by the fluid which in turn increases the temperature 
of the fluid very close to the boundary layer and its effect diminishes far away from the boundary 
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layer. Figures 5a -5c depict the velocity, the temperature and the concentration profiles for different 
values of suction/injection parameter. It is observed that the velocity, temperature and concentration 
profiles decrease by increasing of suction parameter/injection parameter. The influence of Soret 
number     and Dufour number    on the dimensionless velocity, temperature and concentration are 
shown in Figures 6a, 6b and 6c respectively. The Soret number    defines the effect of the 
temperature gradients inducing significant mass diffusion effects. It is noticed that an increase in the 
Soret number    results an increase in the velocity and concentration within the boundary layer 
whereas it results in decreasing of the temperature profiles. The Dufour number    signifies the 
contribution of the concentration gradients to the thermal energy flux in the flow. It is observed that 
an increase in the Dufour number causes a rise in the velocity and temperature throughout the 
boundary layer whereas it causes to decrease the concentration profiles. The influence of the 
Schmidt number    on the velocity, temperature and concentration profiles are plotted in Figures 7a, 
7b and 7c respectively. The Schmidt number embodies the ratio of the momentum to the mass 
diffusivity. The Schmidt number therefore quantifies the relative effectiveness of momentum and 
mass transport by diffusion in the hydrodynamic (velocity) and concentration (species) boundary 
layers. As the Schmidt number increases the concentration decreases. This causes the concentration 
buoyancy effects to decrease yielding a reduce in the fluid velocity.  
 
The reductions in the velocity and concentration profiles are accompanied by simultaneous 
reductions in the velocity and concentration boundary as it is observed in Figure 7b. For different 
values of the Prandtl number   , the velocity and temperature profiles are plotted in Figure 8a and 
8b respectively. The Prandtl number defines the ratio of momentum diffusivity to thermal 
diffusivity. From Figure 8a, it is clear that an increase in the Prandtl number leads to a fall in the 
velocity. From Figure 8b, it is observed that an increase in the Prandtl number results a decrease of 
the thermal boundary layer thickness. The reason is that smaller values of    are equivalent to 
increasing the thermal conductivities and therefore heat is able to diffuse away from the heated 
surface more rapidly than for higher values of    . Hence in the case of smaller Prandtl numbers as 
the boundary layer is thicker and the rate of heat transfer is reduced. The influence of Eckert 
number    on the dimensionless temperature function is shown in Figure 9. The Eckert number 
designates the ratio of the kinetic energy of the flow to the boundary layer enthalpy difference. It 
embodies the conversion of kinetic energy into internal energy by work done against the viscous 
fluid stresses. The positive Eckert number implies cooling of the plate i.e., loss of heat from the plate 
to the fluid. Hence, greater viscous dissipative heat causes a rise in the temperature as well as the 
velocity which is evident from Figure 9.     
                                                    
5.  Conclusion 
 
In this paper, scaling group analysis on MHD free convective heat and mass transfer over a 
stretching surface considering suction or injection, heat source/sink, viscous dissipation and 
chemical reaction is investigated. Efficient method of Lie group analysis is used to solve the 
governing equations of motion. This procedure helps in removing the difficulties faced in solving 
the equations arising from the non-linear character of the partial differential equations. The 
scaling symmetry group is very essential procedure to comprehend the mathematical model 
and to find the similarity solutions for such type of flow which have wider applications in the 
engineering disciplines related to fluid mechanics. This reduces the system of non-linear 
coupled partial differential equations governing the motion of the fluid in to a system of coupled 
12
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ordinary differential equations by reducing the number of independent variables. The 
transformed governing equations in the present study were solved numerically by using the 
Keller box method. From the present study the following conclusion can be drawn: 
i. The influence of magnetic field parameter is to reduce velocity profiles whereas 
temperature and concentration profiles increase. 
ii. A positive increase in Eckert number is shown to reduce the temperature profile 
in the flow. 
iii. Increasing the Prandtl number substantially decreases the velocity and the 
temperature in the flow. 
iv. An increase of Schmidt numbers causes a decline in the velocity as well as the 
concentration profiles whereas it causes to increase the temperature  profiles 
v. An increase in Dufour number causes a rise in the velocity and temperature 
throughout the boundary layer whereas it causes to decrease the concentration 
profiles 
vi. An increase in the Soret number is to increase in the velocity and concentration 
within the boundary and is to decrease the temperature profiles. 
vii. An increase of chemical reaction parameter is to decrease the velocity and 
concentration profiles and is to increase the temperature profiles in the flow. 
viii. It is found that the velocity and temperature profiles in the flow increase with the 
increase of heat generation parameter. 
ix. It is observed that the velocity, temperature and concentration profiles decrease by 
increasing of suction parameter/injection parameter in the flow. 
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